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ABSTRACT

A general vorticity con�nement term has been derived using dimensional analysis.
The resulting vorticity con�nement is a function of the local vorticity-based Reynolds-
number, the local element size, the vorticity and the gradient of the absolute value of
the vorticity. The vorticity con�nement term disappears for vanishing mesh size, and
is applicable to unstructured grids with large element size disparity. The new term
has been found to be successful for a number of testcases, allowing better de�nition of
vortices without any deleterious e�ects on the 
ow�eld.
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1. INTRODUCTION

The requirement to accurately track vortices over large distances is common to many
areas of engineering, e.g. rotating helicopter blades [Ca00, St00] and vortices shed
by submarines. Due to the inherent dissipation built into numerical 
ux functions in
order to avoid numerical instabilities and unphysical solutions, any current Euler or
RANS �eld solver will tend to dissipate these vortices too fast. In order to obtain a
rough estimate for the grid sizes required to capture accurately typical trailing edges
vortices, consider a helicopter blade with radius r = 5m and a vortex of size � = 10cm.
The element size required to describe such a vortex will be smaller than h = 1cm (10
elements across the vortex zone). The volume occupied by the vortex per blade rotation
is approximately

V! = � � 102cm2 � 2� � 5 � 102cm � 106cm3 :

Given that the vortex is moving, and possibly interacting with blades and other vor-
tices, an isotropic grid seems prudent. Such a grid would require at least 106 points per
blade rotation. This should be viewed as a lower limit, as the only free parameter is the
mesh size, which, in all likelihood, was estimated too large. Similarly, estimates for the
number of gridpoints required to track accurately one or more vortices for one subma-
rine length easily approach billions of points, making such calculations impractical for
the next decade (if Moore's law continues). In order to avoid the rapid dissipation of
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vortices, Steinho� and co-workers have introduced the concept of vorticity con�nement
[St94, St99, Hu00], re�ning it over the last decade and applying it successfully to a
number of relevant 
ows [Mo00]. The basic technique consists of adding a force-term
to the momentum equations, resulting in:

�v;t + �vrv+rp = r�rv � ��n� ! ; (1)

where �;v; p; � and ! denote, respectively, the density, velocity, pressure, viscosity and
vorticity of the 
uid, � a user-de�ned number and n is a `normal' vector. Note that this
additional force acts in the direction normal to the vorticity and n, thus convecting
vorticity back towards the centroid as it di�uses away. A typical choice for n is:

n =
rj!j

jrj!jj
: (2)

Steinho� and co-workers [St94, St99, Hu00, Mo00] were able to demonstrate that vor-
tices could be captured and maintained for long distances without dissipation. Steinho�
and co-workers have worked mainly on uniform Cartesian grids, for which � could be
kept constant. Murayama [Mu01] attempted to use this type of vorticity con�nement
on an unstructured grid, i.e. leaving � constant. The results were mixed. For some val-
ues of �, an improvement of results was observed. Other values of � lead to unphysical
results, e.g. premature vortex burst on a delta wing. These results make it clear that
for non-uniform grids a general solution has to be found. Vorticity con�nement has also
been used recently for the visual simulation of smoke [Fe01]. These animations were
performed on Cartesian grids using the incompressible Navier-Stokes equations, and
included (for the �rst time, to the author's knowledge) a explicit, linear dependence on
the mesh size h.

2. DIMENSIONAL ANALYSIS

From dimensional analysis, one can see that � must have the dimension of a veloc-
ity. One could either use jvj, hj!j or h2jrj!jj. Considering Eqn.(2), the last form is
particularly appealing, leading to:

�v;t + �vrv+rp = r�rv � c1�h
2rj!j � ! ; (3)

where c1 is now a true constant, regardless of the grid. One can see immediately
that the vorticity con�nement term is of the form of an anti-di�usion, and that it will
disappear as the grid gets �ner and �ner (h! 0).

3. PROPER LENGTH SCALE h

A crucial ingredient in the vorticity con�nement given by Eqn.(3) is the length scale
h. Its was found that for isotropic grids, most of the possible forms: average of edge-
lengths surrounding a point, volume to surface ratio of elements surrounding a point,
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etc., gave similar results. As expected, the situation is markedly di�erent for highly
stretched grids. Here, is was found that taking h as the characteristic length in the
direction of rj!j was the proper choice. The determination of characteristic lengths in
the x; y; z directions is performed by observing that the gradient, computed as:

gik = M i
l �
X
ij

Cij
k (ui + uj) (4)

for point i, direction k and edges i; j surrounding point i, will be of dimension [[u]=[h]].
Therefore, an approximate estimate for the characteristic element length in direction
k may be obtained from:

�
hik
�
�1

= 2M i
l �
X
ij

jCij
k j (5)

Denoting by h the characteristic element lengths computed, the �nal form of h is given
by:

h = h �
rj!j

jrj!jj
(6)

4. TREATMENT OF BOUNDARY LAYERS

The primary function of vorticity con�nement is to enhace the capture of relevant
physics in regions where mesh density is insu�cient. This is not the case in well re-
solved boundary layers close to solid surfaces. In fact, it was found that switching on
vorticity con�nement in these highly resolved regions could lead to numerical insta-
bilities. Therefore, an explicit switch, based on the local Reynolds-number Reh, was
attempted:

hv = min(1; Reh) � h ; Reh =
�vh

�
: (7)

This form did not prove satisfactory. A more universal form, that is tied to the terms
used for vorticity con�nement, is a local Reynolds-number de�ned with the vorticity.
From dimensional analysis, one may observe that the following three candidates could
be used:

Re!;h =
�j�vjh

�
;Re!;h =

�j!jh2

�
;Re!;h =

�jrj!jjh3

�
: (8)

The �nal form of the vorticity con�nement force then takes the form:

f = g(Re!;h)c1�h
2rj!j � ! ; g = max

"
0;min

"
1;
Re!;h �Re0!;h
Re1!;h �Re0!;h

##
: (9)
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5. NUMERICAL RESULTS

The vorticity con�nement described above was implemented into FEFLO, a general
adaptive unstructured �nite element 
ow solver [L�o01]. The results shown were all
obtained by using a projection-type incompressible 
ow solver [L�o98] that employs a
second-order upwind advection operator and a fourth-order pressure damping for the
divergence constraint [L�o99].

5.1 NACA0012 (Euler): The �rst case considered is that of a �nite width NACA0012
wing, characteristic of control surfaces.

NACA 0012: Surface Grid (nboun= 12,087,  npoin=121,314) NACA 0012: Cut for Plane x=1.15

Figure 1a,b NACA0012: Surface Mesh and Cut Plane x = 1:15

NACA 0012: Surface Pressure, Vorticity (x=1.15,1.50) 
                      and Vortex Core

Figure 1c Finite NACA0012 Wing
The incompressible Euler equations are solved for an angle of attack of � = 15o.
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Figures 1a,b show the surface mesh employed, as well as a cut normal to the x-direction
at 15% chord length downstream of the trailing edge. Note that a line-source was
speci�ed in the approximate position of the vortex in order to obtain a �ner grid. The
mesh had approximately 120,000 points, with 12,000 points on the boundary.

|vort|  (0.0, 0.5, 50)

|vort|  (0.0, 0.5, 50)

|heli|  (0.0, 0.5, 50)

|heli|  (0.0, 0.5, 50)

cv=0.0

cv=0.5 cv=0.5

cv=0.0

NACA 0012: Comparison of Vorticity and Helicity at x=1.15

Figure 1d Finite NACA0012 Wing: Comparison of Vorticity and Helicity

|vort|  (0.0, 0.5, 50)

|vort|  (0.0, 0.5, 50)

|heli|  (0.0, 0.5, 50)

|heli|  (0.0, 0.5, 50)

cv=0.0

cv=0.5 cv=0.5

cv=0.0

NACA 0012: Comparison of Vorticity and Helicity at x=1.15

Figure 1e Finite NACA0012 Wing: Comparison of Vorticity and Helicity

Figure 1c shows the results with the vorticity con�nement terms switched on. The
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vortex core visualization shows how well the vortex is captured. Figures 1d,e compare
the vorticity and helicity (v � !) in two planes downstream of the wing. The e�ect of
vorticity con�nement is clearly visible. Without vorticity con�nement, the vortex is
dissipated after only one chord length of the airfoil.

5.2 Delta Wing (Laminar NS): The second case considered is that of the delta-wing
measured by Hummel [Hu67] and computed by Murayama [Mu01]. This is a laminar
case, making it ideally suited for benchmarking. The angle of attack is � = 20:5o, and
the Reynolds-number based on the length of the wing is Re = 106. The grid, shown
in Figures 2a,b, is typical of RANS calculations. In the proximity of the wall, the
elements are highly anisotropic with extremely �ne spacing normal to the wall. Away
from the wall the mesh coarsens rapidly and becomes isotropic. The primary vortex
generated by the delta wing rapidly enters regions of low mesh density. Figure 2c shows
the vorticity and pressure contours for planes located at 30%, 50% and 70% root chord
length for the case with vorticity con�nement switched on. The vortex strength for the
50% chord plane are compared in Figure 2d. As before, vorticity con�nement has a
marked e�ect on the strength of the detached vortex.

Figure 2a,b Delta-Wing: Surface Mesh and Detail

Figure 2c Delta-Wing: Vorticity and Pressure in Planes x = 0:3; 0:5; 0:7
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c1=0.0 c1=1.0

Figure 2d Delta-Wing: Comparison of Vorticity for Plane x = 0:5

6. CONCLUSIONS AND OUTLOOK

A general vorticity con�nement term for unstructured grids has been derived, imple-
mented and found to be successful for some cases. The vorticity con�nement terms are
of the form:

f = g(Re!;h)c1�h
2rj!j � ! ;

where c1 = O(1), h is a characteristic element size and g depends on the local vorticity-
based Reynolds-number Re!;h.
We are currently investigating in more depth the theoretical aspects associated with
vorticity con�nement. In particular:

- One can see that the vorticity con�nement as given by Eqn.(3) is in the form of
a body force. As such, these terms may add or subtract axial and/or tangential
moment from the surrounding 
ow. We are attempting to derive hard estimates/
proofs for the axial and tangential moment attributed to vorticity con�nement.
Our present conjecture of that such estimates can be obtained by making use of
Stokes' theorem for vorticity.

- It is possible that the vorticity con�nement terms introduce errors in the 
ow�eld.
For benchmark problems (e.g. delta wing), more tests are required to determine
the source of errors and to quatify them.

- Finally, other formulations for vorticity are certainly possible.
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