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Abstract

An algorithm for the construction of nested coarse
tetrahedral meshes given an initial �ne tetrahedral
mesh is described. This algorithm, termed Dynamic
Graph Reduction with Swapping (DGRS), is able to
produce nested coarse meshes suitable for unstruc-
tured multigrid applications. The capabilities of the
DGRS approach are demonstrated through several
examples.

1 Introduction

One of the di�culties associated with the use of
multigrid methods on unstructured meshes has been
the generation of the coarse meshes [2, 6, 7, 8, 9,
10, 17]. On a Cartesian mesh this problem has a
rather simple solution: the coarsened mesh can be
constructed by removing every other point of the
�ne mesh. This process can be continued until the
desired number of meshes have been obtained.

With fully unstructured meshes, where each point
can have an arbitrary number of neighbors and the
elements are nonuniform, the problem is much more
di�cult, particularly in three dimensions. To date,
two approaches towards grid coarsening on unstruc-
tured meshes have become prevalent: the agglom-
eration method [11, 12, 17] and disjoint meshing
[2, 7, 10, 14]. Automated procedures which produce
a series of nested tetrahedral meshes have been de-
veloped with limited success. The most promising
approach developed to date appears to be the edge-
collapsing method developed by M. Giles and others
[6, 8]. Point-based methods, however, appear to be
at a much lower level of maturity due to their very
limited discussion in current literature [2, 9, 13].

The goal of the current work has been to develop
an automated grid coarsening procedure suitable for

3D unstructured multigrid applications. The algo-
rithm described herein can produce nested coarse
tetrahedral meshes of reasonable quality. Several
important features of this algorithm are noted:

� Because the procedure is automated, it can be
fully integrated into the 
ow solver and enabled
at run-time. No additional preprocessing time
is required by the user.

� The time required to coarsen a �ne mesh is sig-
ni�cantly less than the time required to gener-
ate a coarse mesh \from scratch". Therefore
the grid coarsening procedure can be used in
problems which involve transient remeshing.

� Variations in �ne mesh size are automatically
captured in the coarse mesh.

� Because the coarse meshes are tetrahedral no
modi�cations need to be made to the core 
ow
solver above and beyond the implementation of
the actual multigrid scheme.

Perhaps the most important of the above features is
the ability to use the algorithm in unsteady prob-
lems. To date, the majority of 3D unstructured
multigrid applications have involved static meshes.
The remainder of this paper is organized as fol-

lows. Section 2 describes the automated grid coars-
ening procedure. Section 3 provides a sampling of
coarse meshes obtained with this procedure. Exam-
ple multigrid applications are presented in Section 4.
Concluding remarks and an outlook for future work
are summarized in Section 5.

2 Grid Coarsening Algorithm

The grid coarsening procedure can be broken
down into two basic parts: point selection and el-
ement reconnection. Each is described below.
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2.1 Point Selection

The point selection criterion used in this work is
to require the coarse mesh points to form a Maxi-
mally Independent Set (MIS) of the �ne mesh points.
Given a set of simply connected points, a subset of
those points forms a maximally independent set i�:

1. No two points in the subset are connected

2. Each point not in the subset is connected to at
least one point which is in the subset

When translated into the language of meshes, the
above criterion ensure that variations in �ne mesh
edge size are properly represented in the coarse
mesh. Simple drawing exercises will show that vio-
lation of either criteria results in arti�cial variations
in element size.
Several approaches can be used to generate an

MIS from a given set of points. The method used in
this work to generate an MIS is a pseudo-advancing
front procedure based on an hierarchy of points. The
algorithm can be summarized as follows:

POINT SELECTION ALGORITHM

1. Order the points as corner, line,

surface, and volume

2. Sort each group of points by the

volume surrounding each point

3. Do for each corner point ipoint

4. Mark ipoint as in the MIS

5. Mark each neighbor of ipoint

as not in the MIS

6. End Do

7. Do for each line, surface, and volume

point ipoint

8. If ipoint has not been marked

9. Mark ipoint as in the MIS

10. Mark each neighbor of ipoint as

not in the MIS

11. Else If ipoint has not been marked

12. Continue to next point

13. End If

14. End Do

Several of the steps in the above algorithm are
not needed if only an MIS is desired. However, in
this case a procedure which simply generates an MIS
is insu�cient; the boundaries of the computational
domain must be preserved. To facilitate element re-
connection a series of marking rules are used. Specif-
ically, no point is allowed to mark a neighboring
point which is higher up in the hierarchy. For ex-
ample, surface points are not allowed to mark line

points. Furthermore, boundary points are allowed
to mark other boundary points if and only if both
points are of the same type and both points lie on
the same boundary segment. For example, surface
points may mark other surface points which lie on
the same surface. Volume points are allowed to mark
only other volume points.
The sorting of points by volume is used strictly to

improve the quality of the coarse mesh. This feature
has the largest impact towards the end of the point
selection process when few unmarked points remain.

2.2 Element Reconnection

As with point selection, numerous approaches are
possible for element reconnection. The most e�cient
approach is dynamic reconnection, i.e. reconnection
during the point marking procedure. Given a point
ipoint which is in the MIS, the reconnection proce-
dure consists of the following steps:

ELEMENT RECONNECTION ALGORITHM

1. Do for each neighbor jpoint

marked as not in the MIS

2. Do for each element ielem

surrounding jpoint

3 Replace jpoint with ipoint

in ielem

4. Verify positive volume

5. Verify surface consistency

6. End Do

7. Verify volume surrounding jpoint

8. If any checks failed

9. Disallow reconnection

10. End If

11. End Do

The dynamic reconnection allows a substantial
improvement in coarsening speed when compared to
stand-alone procedures for point marking and ele-
ment reconnection. At the end of the entire proce-
dure, the list of elements will contain a large portion
of collapsed elements. These are elements elements
which contain one or more identical points. The col-
lapsed elements and the removed points are �ltered
out. The points and elements which remain consti-
tute the coarser mesh.
The marking rules described in the previous sec-

tion as well as the volume/surface checks serve to
maintain the boundaries of the domain during the
element reconnection procedure. For example, the
reconnection of a surface point to a volume point
would distort the boundary and therefore must be
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disallowed. On curved surfaces the consistency
checks must be modi�ed slightly to account for the
small changes in volume that occur. An additional
check that must be performed in this case is that
changes in the direction of the outward normals of
the boundary faces must be limited to some pre-
scribed maximum.

2.3 The Full Algorithm

While the algorithm as described works quite el-
egantly in 2D, the situation becomes much more
complex in 3D. Since not every possible reconnec-
tion is valid, at the end of the coarsening procedure
a small number of unremoved points (points which
were marked for removal but could not be removed)
will remain. This behavior can be overcome through
the use of diagonal swapping for tetrahedron and
post-processing improvement passes. The applica-
tion of diagonal swapping and improvement passes
results in the near or total elimination of unremoved
points.

The full algorithm, which we refer to as Dynamic
Graph Reduction with Swapping (DGRS) begins
with marking and reconnection for corner points:

DGRS ALGORITHM: CORNER POINTS

1. Order the points as corner, line,

surface, and volume

2. Sort each group of points by the

volume surrounding each point

3. Do for each corner point ipoint

4. Mark ipoint as in the MIS

5. Do for each neighbor jpoint ipoint

6. Mark jpoint as removed

7. Attempt element reconnection

for jpoint

8. If reconnection fails

9. Do for each neighbor kpoint

of jpoint

10. If point types are compatible

11. Attempt to reconnect jpoint

to kpoint

12. End If

13. End Do

14. End If

15. End Do

16. End Do

The second phase is to perform the marking and
reconnection of non-corner points:

DGRS ALGORITHM: NON-CORNER POINTS

17. Do for each line, surface, and volume

point ipoint:

18. If ipoint is unmarked

19. Mark ipoint as in the MIS

20. Do for each neighbor jpoint of ipoint

21. If point types are compatible

22. Attempt element reconnection

for jpoint

23. End If

24. If reconnection fails

25. Do for each neighbor kpoint

of jpoint

26. If point types are compatible

27. Attempt to reconnect jpoint

to kpoint

28. End If

29. End Do

30. End If

31. End Do

32. Else If ipoint has been marked

33. Continue to next point

34. End If

35. End Do

36. Filter out collapsed points and elements

37. Perform diagonal swapping across entire mesh

At this stage in the procedure, all points have been
marked either as \to be kept" or \to be removed"
and a large number of elements will have been col-
lapsed. As mentioned previously, a number of points
will remain which were marked for removal but could
not be removed (hereafter referred to simply as unre-
moved points). Testing indicates that this number is
typically 2-5% of the total number of points marked
for removal. Reconnections which fail typically do so
because either a negative element would have been
created or the surface topology would have been al-
tered.

The next phase of the algorithm is the improve-
ment phase. In this phase an attempt is made to
remove the nunremv points that were not removed.
A series of improvement passes are performed until
either all o�ending points are removed or the number
of improvement passes reaches a speci�ed maximum
npass.
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DGRS ALGORITHM: IMPROVEMENT PASSES

38. ipass = 1

39. Do While ipass < npass Or nunremv > 0:

40. If ipass > 5

41. Allow forced swaps

42. End If

43. Mark elements for diagonal swapping

44. Apply diagonal swapping

45. Do for each unremoved point ipoint

46. Form list of points surrounding ipoint

47. Do for each neighbor jpoint of ipoint

48. If point types are compatible

49. Attempt to reconnect ipoint

to jpoint

50. If reconnection succeeds

51. Goto 54

52. Else

53. Goto 55

54. End If

55. End If

56. End Do

57. End Do

58. Filter out collapsed points and elements

59. Mark elements for diagonal swapping

60. Apply diagonal swapping

61. ipass = ipass + 1

62. End Do

63. Perform diagonal swapping across entire mesh

An important observation is that in practice, most
unremoved points are eliminated within the �rst 2-3
improvement passes. Any unremoved points which
remain at this stage generally cannot be removed
without a new course of action. This behavior is the
reason that swaps are forced when the number of
improvement passes exceeds 5. Diagonal swaps are
forced by allowing any valid swap to occur even if
element quality is degraded. Any distorted elements
which occur are dealt with in the diagonal swap-
ping at the end of the improvement pass. This ap-
proach eliminates unremoved points very e�ectively.
Nonetheless, in practice a small number of points
sometimes cannot be removed without an exorbitant
amount of e�ort. This number is typically less than
1% of the total number of points in the coarse mesh.

The most time-consuming portion of this algo-
rithm is the diagonal swapping procedure. At the
end of the improvement passes only elements in the
region surrounding unremoved points are marked for
swapping. If all elements are marked for swapping
the computational time increases substantially while
the overall mesh quality increases only slightly.

2.4 Diagonal Swapping

The diagonal swapping procedure plays an impor-
tant role in the grid coarsening algorithm. The ob-
vious bene�t of diagonal swapping is that the qual-
ity of the coarser meshes is improved. Less obvious
but just as important is that the diagonal swapping
improves the ability of the algorithm to removed un-
wanted points. This is accomplished by "mixing up"
the mesh and thereby increasing the number of po-
tential reconnections available.

Due to its importance a signi�cant e�ort was de-
voted to maximizing the capabilities of the diagonal
swapping procedure. The types of diagonal swap-
ping cases used form two general classes which we
refer to as face swaps and edge swaps. The gen-
eral face swap consists of two or more tetrahedron
which share a set of faces. These faces are either
reconnected (the internal reconnection face swap)
or replaced by a shared edge (the face-edge swap).
The general edge swap consists of a ring of elements
around an edge. The shared edge is removed and
replaced with a set of interior faces. This swap,
referred to as the edge-face swap, is the direct in-
verse of the face-edge swap. The total number of
cases implemented in the diagonal swapping proce-
dure is 120. Of these cases, 53 were ported from a 3D
unstructured grid generation code. The remainder
were developed speci�cally for this work.

The �gures below provide a sampling of the types
of diagonal swaps implemented in this work.

Figure 1: Face-edge swap from 2 to 3 elements.
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Figure 2: Edge-face swap from 5 to 6 elements.

Figure 3: Internal reconnection face swap from 8 to
8 elements.

Figure 4: Face-edge swap from 10 to 7 elements.

3 Coarsening Results

We �rst present a sample of coarse meshes gener-
ated with the aforementioned procedure.

3.1 Building Geometry

The �rst test case involves a building geometry
used in the simulation of low-speed environmental

ows and atmospheric dispersion. Figure 5 shows
the initial �ne mesh. The two coarse meshes are
shown in Figures 6 and 7. Table 1 summarizes pa-
rameters for all meshes.

Figure 5: Initial �ne mesh for building geometry.

Figure 6: First coarse mesh for building geometry.
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Figure 7: Second coarse mesh for building geometry.

Table 1: Summary of mesh parameters for building
test case (cfact = coarsening factor).

Mesh nelem npoin cfact

1 276682 51781 {
2 33973 7058 7:34
3 4476 1075 6:57

3.2 Intersecting Cylinders

The second test cases involves two intersecting
cylinders. The meshes are shown in Figures 8-10.
A summary of mesh parameters is given in Table 2.

Figure 8: Initial �ne mesh for intersecting cylinders.

Figure 9: First coarse mesh for intersecting cylin-
ders.

Figure 10: Second coarse mesh for intersecting cylin-
ders.

Table 2: Summary of mesh parameters for intersect-
ing cylinders.

Mesh nelem npoin cfact

1 451104 84437 {
2 52630 11008 7:67
3 6408 1579 6:97
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4 Sample Applications

The sample applications were performed using the
Coarse Grid Correction scheme [3, 4] with a simple
Jacobi smoother [1, 15]. The cycling algorithm used
is that of [14], with icycle = nmesh� 1 in all cases.

4.1 Poisson Equation

The multigrid solver was implemented in a proto-
type application which solves the Poisson equation
in a cubic geometry. This test case is intended to
establish the performance of our methodology using
a pure Laplacian operator. Four coarse meshes were
used in the calculation. The parameters for each
mesh are summarized in table 3. The individual
meshes are shown in Figures 11-15.

The numerical solution after 1000 multigrid cy-
cles is shown in Figure 16. The convergence history
is shown in Figure 17; the log of the residual is plot-
ted as a function of the number of multigrid cycles.
To better quantify the performance, the number of
multigrid cycles required to reach a �xed level of
residual and the relative speed-ups are summarized
in 4. The reference level of residual is the value after
1000 steps with a single-grid solver.

Figure 11: Initial �ne mesh for cube geometry.

Figure 12: First coarse mesh for cube geometry.

Figure 13: Second coarse mesh for cube geometry.

7



Figure 14: Third coarse mesh for cube geometry.

Figure 15: Fourth coarse mesh for cube geometry.

Table 3: Summary of mesh parameters for prototype
application.

Mesh nelem npoin cfact

1 319472 58261 {
2 38074 7496 7:77
3 4563 1012 7:41
4 553 149 6:79
5 78 31 4:81

Figure 16: Potential contours for prototype problem.
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Figure 17: Sample convergence history for the pres-
sure correction.

Table 4: Speed increases for prototype problem.

nmesh nstep Speed up

1 1000 {
2 410 2.44
3 256 3.91
4 181 5.52
5 157 6.37

8



4.2 NACA-0012 Airfoil

The second sample application is the low speed
incompressible 
ow over a NACA-0012 airfoil. The
projection method [5, 16] was used to solve the in-
compressible Euler equations. Multigrid was used
to solve the Poisson-like equation for the pressure
correction at each time step.

Three meshes were used for this test case. The
initial �ne mesh is shown in Figure 18. Figures 19
and 20 show the coarse meshes. Mesh parameters
are summarized in Table 5. Pressure contours for
the steady state solution obtained with the multigrid
solver are shown in Figure 21.

A typical convergence history in the calculation of
the pressure correction is shown in Figure 22. A de-
crease of four orders of magnitude in the L2 norm of
the residual vector was speci�ed as the convergence
criterion. The speed-up in the convergence is typi-
cally a factor of 2.5 with two meshes and 3.5 with
three meshes. Note that these values decrease as
the solution approaches the steady state. The total
speed-up for a run of 250 time steps in terms of clock
time is 2.1 for two meshes and 2.7 for three meshes.
These values include the overhead associated with
the grid coarsening procedure.

Figure 18: Initial �ne mesh for NACA-0012.

Figure 19: First coarse mesh for NACA-0012.

Figure 20: Second coarse mesh for NACA-0012.

Table 5: Summary of mesh parameters for NACA-
0012.

Mesh nelem npoin cfact

1 113838 21876 {
2 14784 3208 6:82
3 2050 515 6:23
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Figure 21: Steady-state pressure contours over
NACA-0012.

Figure 22: Convergence history for NACA-0012
pressure correction.

4.3 Micro Air Vehicle

The �nal sample application is the incompress-
ible 
ow over a Micro Air Vehicle (MAV). For this
demonstration case two meshes were used. The ini-
tial �ne mesh is shown in Figure 23. The coarse
mesh is shown in Figure 24. Parameters for both
meshes are summarized in Table 6. The steady-state
solution is shown in Figure 25.
Figure 26 shows a sample convergence history for

the pressure correction. The speed-up for the history

shown is approximately 2.7. As with the NACA-
0012 test case the speed-up varies over the course of
the simulation. The net speed-up in terms of clock
time for this test case is approximately 2.4.

Figure 23: Initial �ne mesh for MAV

Figure 24: Coarse mesh for MAV.

Table 6: Summary of mesh parameters for MAV.

Mesh nelem npoin cfact

1 231845 45330 {
2 30745 6861 6:61
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Figure 25: Steady-state pressure contours over
MAV.

Figure 26: Convergence history for MAV pressure
correction.

5 Conclusions

An automated procedure for the generation of
coarse tetrahedral meshes has been presented.
This DGRS procedure generates coarse tetrahedral
meshes of acceptable quality given an initial �ne
mesh. The capabilities and 
exibility of this ap-
proach have been demonstrated. Of particular im-
portance is the automated nature of the DGRS al-
gorithm, which eliminates additional preprocessing

and allows the procedure to be fully integrated into
the 
ow solver.

Future work will focus on improvements to the al-
gorithm in the areas of robustness and the ability
to handle more complex geometries. Improved e�-
ciency of the diagonal swapping procedure also will
be of importance. The next major goal in this work
is to apply this methodology to unsteady problems
with transient remeshing and moving bodies on par-
allel architectures.
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