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Abstract

Two design methodologies based on Incomplete-Gradient ad-

joint approaches for 
ow problems governed by the incom-

pressible Navier-Stokes (NS) equations are presented. The

main features of the algorithms is that they avoid solving the

adjoint equations, saving an important amount of CPU time.

Furthermore, the methodologies are general in the sense that

they do not depend on the geometry representation, and all

the gridpoints on the surface to be optimized can be chosen as

design parameters. The partial derivatives of the 
ow equa-

tions with respect to the design parameters are computed by

�nite di�erences. In this way, this computation is independent

of the numerical scheme employed to obtain the 
ow solution

and the type of mesh. Once the sensitivities and the direc-

tion of movement have been computed, the new solid surface

is obtained with a pseudo-shell approach in such a way that

local singularities, which can degrade or inhibit the conver-

gence to the optimal solution, are avoided. Furthermore, this

surface parametrization allows to impose the problem geomet-

rical restrictions in a very easy manner. The volume mesh is

updated to �x the new boundary using an innovative level ap-

proach, which allows to compute the sensitivity contribution

of the interior mesh points by using �nite di�erences in a very

fast manner. The methodologies can deal with multi-objective

function problems, and 
ow restrictions such as constant lift,

etc. Some 2D and 3D numerical examples are shown.

1 Introduction

Genetic algorithms [18, 25, 9, 7], approximate objective
function surface schemes [10, 6, 19] and gradient based
methods [3, 4, 5, 12, 20, 30, 35, 19, 29, 3, 4, 5, 12, 20,

c
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30, 35, 19, 29] are usual methodologies found in the liter-
ature to solve optimization problems. Due to their high
computational cost, most of them are not suitable for
CFD optimization problems. For example, most of the
gradient based methods require at least the solution of a

large linear system of equations to compute the objective
function gradient with respect to one design parameter.
Thus, for n design parameters, n large linear systems have
to be solved, which makes the methods of at least order
O(n+1). This cost can be reduced signi�cantly if the LU
decomposition of the 
ow matrix can be stored. How-
ever, this alternative is presently only possible for 2-D
problems.
For problems involving many design parameters and few

cost functions, a better alternative is to employ an adjoint
formulation [23, 24, 11, 28, 14, 27, 22, 2, 8, 16, 1, 26, 29,
13, 19, 21]. In this approach, the e�ort to compute each
cost function gradient requires one CFD solution for the
usual variables and one for the adjoint variables, i.e. the
cost is now only O(2) CFD solutions per design cycle. The
present article describes two approximate adjoint formu-
lations for the incompressible NS equations, with a cost
of O(1) CFD solutions per design cycle (!).

2 Optimization Problem

The optimization problem considered is minimizing (or
maximizing) a cost function Ic(U; �) that depends on the

ow variables U = (u; p), where u and p denote the ve-
locity and pressure �eld respectively, and on the physical
location of the boundary, which is described by a set of
design parameters � = (�1; :::; �m).
The governing 
ow equations may be written as: R =

(Ru;Rp), where Ru is the momentum equation for two
or three-dimensional problems, and Rp refers to the con-
servation of mass. R expresses the implicit dependence
of U and � in the 
ow domain 
. For the present work,
it is assumed that the steady 
ow is governed by the in-
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compressible NS equations, which can be written in con-
servative form as:

Ru = r � (u
 u) +rp� 2�r � "(u) = 0 ;

Rp = r � u = 0 ; (1)

with appropriate boundary conditions. In the above
equation � is the kinematic viscosity and "(�) is the sym-
metric gradient of a vectorial �eld.
The 
ow equations can be though of as a set of `restric-

tions' associated with the optimization problem, which
must be ful�lled by the optimal solution. Following this
idea, the continuous NS equations are added to the cost
function by introducing a set of Lagrangianmultipliers, or
co-state variables, 	 = ( 

u
;  p) = ( 1;  2;  3;  p). This

set of variables enforces in a weak form the restrictions
imposed by the 
ow equations. The cost function is then
rede�ned as:

I = Ic +

Z



	 �R d
 : (2)

The necessary conditions for an optimal point of the min-
imization (or maximization) problem are:

(a) R(u; p) = 0 ; (b)
@I

@U
= 0 ; (c)

@I

@�
= 0 : (3)

The optimization process proceeds by solving the two �rst
equations in a staggered manner, and updating the de-
sign parameters until the last one is satis�ed. Given a set
of initial values for the design parameters, the equation
(3)a is solved to �nd the respective velocity and pressure
�elds. Then, with � �xed (which is the same as 
 �xed),
and with the computed velocity and pressure �elds, the
equation (3)b is solved to obtain the set of Lagrange
multipliers 	. Finally, the desired gradient is obtained
from the equation (3)c, and the design parameters are
updated with some optimization algorithm (steepest de-
scent method, conjugate gradient method, Newton type
method, etc.). The cycle is repeated until some conver-
gence criterion for (3)c is achieved.

3 Flow Solution

The solution of (3)a can be performed with several
methods (projection, arti�cial compressibility, GLS, OSS,
etc.). In the present work, an OSS-type implicit mono-
lithic formulation was used (see [33] for details). The
stabilized momentum equation is solved using a standard

GMRES algorithm, and the pressure is integrated by solv-
ing a Poisson equation with a 4th order damping for the
divergence constraint with a CG-ILU solver.

4 Continuous Adjoint Formula-

tion

If the objective function Ic is only de�ned on the solid
boundary, the adjoint variables can be obtained from the
following PDE problem (see [31, 32] for details):

(u � r) 
u
+r 

u
� u+r p = �2�r � "( 

u
) in 
;

r �  
u
= 0 in 
; (4)

and the boundary condition must satisfy:

Z
�s

2� n � "(�u) �  
u
d� =

@Ic

@u
�u;

�

Z
�s

�p  
u
� n d� =

@Ic

@p
�p (5)

where �u and �p are admissible perturbations of the veloc-
ity and pressure �eld, respectively, �s the solid boundary
and n its exterior normal.
An example of boundary conditions for (4) is given by

considering the minimization of the drag force over cer-
tain surface (subject to some geometrical or 
ow restric-
tions to avoid the 
at plate solution). In this case, Ic is
de�ned as:

Ic =

Z
�s

n �
�
�pI + 2�"(u)

�
� e d� (6)

where e is the unit vector in the drag direction. Equa-
tion (5) dictates the following boundary conditions for
the adjoint variables:

Z
�s

2� n � "(�u) �  
u
d� =

Z
�s

2� n � "(�u) � e d� ;

Z
�s

�p n �  
u
d� =

Z
�s

�p n � e d�: (7)

Clearly, the right boundary condition for such objective
function is  

u
= e on �s.

The adjoint equations can be discretized using the same
schemes employed for the 
ow solution, or whatever
scheme that stabilizes the convective and the incompress-
ible part of the problem (4) (i.e. GLS, projection schemes,
arti�cial compressibility schemes, OSS, etc.).

5 Discrete Adjoint Formulation

Following equation (2), a discrete adjoint method is for-
mulated by rede�ning the cost function as:

I = Ic +	(AU � b) (8)
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whereR(U) = AU � b = 0 is the system of equations ob-
tained after discretizing the NS problem (1), and applying
its respective Dirichlet boundary conditions. Then, the
adjoint variables are computed by solving the following
�rst order approximation of (3)b:

@Ic

@U
+A

T	 = 0: (9)

To compute accurate derivatives, the continuous or dis-
crete systems, (4) or (9), have to be solved. However, as
will be shown below, the adjoint solution can be avoided
by using an Incomplete-Gradient approach. In [17], this
type of approach, neglecting the contribution of the ad-
joint variables to the total cost function gradient, has
already been employed. The required sensitivity was sim-
ply approximated as the gradient of Ic with respect to �
(see (2)). Nevertheless, the adjoint contribution to the
sensitivity may be important and it can accelerate the
convergence of the design problem. For this reason, a
part of this contribution may be taken into account with
little computational e�ort, as shown below.

6 Computation of Sensitivities

The cost function gradient with respect to the design vari-
ables is computed according to (3), which can be written
as:

@I

@�
=
@Ic

@�
+

@

@�

�Z



	 �R d

�
: (10)

for the continuous adjoint approach. The discrete adjoint
counterpart is straighforward and will be presented later.
The desired optimal solution is obtained when the gradi-
ent is equal to zero.
Equations (10) and (8) may be evaluated in a vari-

ety of ways, e.g. �nite di�erences, automatic di�eren-
tiation, exact di�erentiation using 
ow and/or geometry
parametrization, etc. [16, 8, 2, 1, 28, 27, 26, 29, 13, 22, 21].
In the present work, both �nite di�erences and exact dif-
ferentiation of the numerical 
ow schemes were studied.
The resulting derivatives were practically the same for
both methods. The �nite di�erence approach was chosen
to compute all the terms of (10), as it o�ers the following
additional advantages: Simplicity, independence of the
problem dimension (2D or 3D), and, independence of the

ow solver employed. To approximate the sensitivities by
�nite di�erences, the steps presented in Algorithm 1 (see
next box) have to be implemented. It was found that
the procedure outlined in the mentioned algorithm yields
a very good approximation to the true gradient. Numer-
ical experiments have shown that it is practically equal

Algorithm 1

(i) Obtain 	 from (4) with the boundary condition
(5).

(ii) Evaluate I from (2) continuous approach, or (8)
discrete one.

(iii) Perturb the coordinates of a design variable �k
in the external normal direction by a small �.

(iv) Move (or smooth) the boundary �s according
to the design variable perturbation. This is, the
coordinates of the grid boundary points on �s
must depend on the design variable positions by
some interpolating curve or surface (i.e. splines,
B-splines, Nurbs, etc,), or some smoothing op-
erator. Then, if �k is perturbed, �s has to be
moved, and a new boundary �0s and domain 
0

are obtained.

(v) Move the volume mesh according to the bound-
ary movement.

(vi) Evaluate I 0 from (2) or (8) on �0s.

(vii) The desired sensitivity is obtained as:

@I

@�k
=

(I 0 � I)

�

(viii) Repeat (ii) to (vii) for each design point.

to the gradient obtained by �nite di�erences. However,
this procedure is very expensive if the number of design
variables is high.

7 Incomplete Continuous Adjoint

Gradient

A considerable simpli�cation for the continuous adjoint
approach is obtained by taking into account that the main
contribution of the adjoint terms to the gradient are at the
boundary �s. In the interior of the domain, the adjoint
variables quickly decrease to zero, and the movement of
the grid points due to a boundary movement decreases
rapidly with the distance to the boundary.

With these arguments in mind, the sensitivity can be
approximated by the Algorithm 2 presented below (see
[31, 32] for a detailed explanation).
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Algorithm 2

(i) Obtain only  
n
=  

u
� n on the boundary by

using the condition (5).

(ii) Evaluate I = Ic +
R


 
n
�R d
. Here, R is

evaluated from equation (1) on the �rst layer of
elements next to �s.

(iii) Perturb the coordinates of a design variable �k
in the external normal direction by a small �.

(iv) Move (or smooth) the boundary �s according
to the design variable perturbation (the same as
step (iv) in Algorithm 1).

(v) Evaluate I 0 = I
0
c +

R

0
 
n
�R d
.

(vi) The desired sensitivity is:

@I

@�k
=

(I 0 � I)

�

(vii) Repeat (ii) to (vi) for each design point.

This scheme avoids the necessity of solving the adjoint
problem, and of moving the entire volume mesh for each
design parameter perturbation. In addition, a very fast
method may be implemented to move (or smooth) the
boundary due to a design variable perturbation (step (iv)
of Algorithm 2).
As a �nal remark, the �rst order forward �nite di�er-

ences shown in both algorithms (steps (vii) and (vi) of
Algorithms 1 and 2, respectively), may be replaced by a
second order central di�erences in a straighforward man-
ner. This has been the scheme adopted in this work.

8 Incomplete Discrete Adjoint

Gradient

Even though the gradient approximation obtained by Al-
gorithm 2 is enough for certain types of problems, if the
objective function is de�ned in the interior of the domain
it can not be used. In addition, for incompressible Eu-
ler 
ow problems, the boundary condition given by (5)
only de�ne the normal component of  

u
on �s. Hence,

not only the boundary adjoint pressure contribution and

the interior adjoint contributions to the gradient are ne-
glected, but also the tangential contribution of the adjoint
on the boundary.

An e�cient methodology to taking into account the
mentioned contributions was developed by computing the
adjoint variables in the interior of the domain in an ap-
proximated manner, and by developing a very fast algo-
rithm to compute the gradient due to the interior point
movement.
The discrete adjoint equation (5) is solved using the

same projection type algorithm developed for the 
ow
equations. This is, the adjoint momentum equation is
computed using a GMRES solver to obtain  

u
, and such

values are replaced into the preconditioned adjoint pres-
sure equation to obtain  p. This last equation is solved
with a CG-ILU solver.  p is replaced into the momen-
tum equation to re-compute  

u
. Then  

u
into the pres-

sure equation to correct  p, and so on until convergence
is achieved. An incomplete solution is obtained by taking
a large value for the convergence error of such algorithm.
Numerical experience has shown that a good approxima-
tion to the complete gradient is obtained by decreasing
the residuals of (5) only one order of magnitude. Such
procedure saves at least a 90% of the adjoint complete
calculation.
Then, the only ingredient missing to compute the in-

complete gradient in a fast manner without neglecting the
interior gradient contributions, and the pressure and tan-
gential boundary adjoint contributions (using Algorithm
1 instead of Algorithm 2), is a fast boundary and volume
mesh movement algorithm. For the boundary movement,
the pseudo-shell approach presented in [32] was used in
most of the problems. Also, a standard B-Spline rep-
resentation was implemented for some two dimensional
cases. On the other hand, the algorithm for the volume
mesh movement is totally new, and will be presented in
detail below.
As a �nal remark, it can be noted that the incomplete

methodology described in this section may be also used

with the continuous adjoint equation. However, the dis-
crete adjoint was chosen for this incomplete formulation
due to the following advantages: It is totally consistent
with the method used to solve the 
ow equations. There-
fore, the sensitivities always approximate in a good man-
ner the �nite di�erence ones. For the continuous formu-
lation, this is true only for very �ne meshes. In addition,
no boundary conditions have to be applied for 	 as AT

already includes the 
ow ones, and the value of  k where
Uk is prescribed is immaterial (it has no e�ect on the
gradients). This can be easily veri�ed by writing (3)c as:

@I

@�
=
@Ic

@�
+  i

@Ri

@�
(11)

and taking into account that for the prescribed nodes,
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Rk = C being C the constant dirichlet value. Then,
@Rk=@� = 0. Moreover, in the continuous approach a
certain level of e�ort is required not only to arrive at
the appropiate boundary conditions, but to determine
whether boundary conditions can be obtained [2]. Fur-
thermore, equation (4) has to be discretized and coded,
in contrast with the discrete adjoint approach, where the
same routines used for the 
ow discretization can be re-
used (only a routine to transpose the system matrix has
to be written). Finally, new cost functions are more eas-
ily added to the discrete adjoint formulation because they
enter the problem only through the right-hand side of a
linear system of equations, and it is usually a simple mat-
ter to obtain all the necesary derivates by di�erentiating
the discrete objective function directly [2].

9 Volume Mesh Movement

Given an old and a new solid boundary (�s and �0s), a
mesh \velocity" can be computed forall the grid points
on the solid surface as:

vi =
(x0i � xi)

�t
; (12)

where x0i and xi are the new and old position vectors
of the nodal point i respectively, and �t is a constant
normally taken as one. To compute v in the rest of the
mesh, each grid point i is assigned a level li based on the
following rules:

(i) A nodal point i belongs to the level li = 0, if it is on
�s.

(ii) A nodal point i belongs to a level li > 0, if it is
connected to at least one node of level li�1.

Then, the k mesh velocity component of the interior grid
points i (points that not belong to �s), is computed as:

v
k

i
=

P
j2li�1

wijv
k

jP
j2li�1

wij

; (13)

if vk
i
is not prescribed to a given value, or vk

i
= v if it is

prescribed to v (v is given by geometrical or symmetric
restrictions). j 2 li�1 is the set of points that are conected
to point i and belongs to the level li�1 (i belongs to the
level li), and wij are weights computed as:

wij =
1

d
2

ij

; (14)

where dij is the distance between the nodal point i and
j.

Once the vk
i
is obtained for all gridpoints, they are cor-

rected for the nodal points that are far from the boundary.
This is, for the nodal points belonging to a level greater
than n=C, being n the number of mesh levels (maximum
li), and C a constant normally taken as 2. Such correction
has to be done to match the zero mesh velocity condition,
commonly imposed at the far �eld boundary. The idea
of the correction is to rede�ne vk

i
as vk

i
:= �v

k

i
, with a

linear variation of � between 1 and 0 based on the point
level (1 for the level li = n=C, and 0 for the level l = n).
The technique described above decreases the element

distortion close to the solid boundary considerably, reduc-
ing the need for local or global remeshing, and in most
cases avoiding it altogether. As a �nal remark, it was
noted that the level methodology produces very similar
results to the technique presented in [15], which is based
on the solution of a Laplacian of the mesh velocities with
variable di�usivity depending on the distance from the
moving boundary. The main di�erence is in the com-
puter time: The level technique is more than 100 times
faster than the Laplacian one, which allows the use of
Algorithm 1 for the gradient computation.

10 Optimization Algorithm

Once the sensitivities have been obtained, the solid
boundary is updated using a standard steepest-
descendent method for the incomplete discrete approach
(Algorithm 1), or an accumulated displacement proce-
dure for the incomplete continuous approach (Algorithm
2). Such accumulated displacement method had to be
used in the last case, because the incomplete continuous
gradient gives the right direction of the design param-
eter gradients, but not the correct ratios among them.
Therefore, a standard steepest-descendent method may
produced surface with waves, which are undesirable in
most of the real design problems.
The accumulated displacement procedure mentioned

above is as follows: Due to the pseudo-shell approach
surface parametrization [32], the normal displacement of
one point i on �s produces a continuous displacement and
rotation �eld in all the nodal points on �s. Hence, if a
normal displacement wi of a design variable �i,

wi =
@I

@�i
n ; (15)

is imposed, the rest of the design variables will have a
normal displacement wi

j
obtained by the solution of the

pseudo-shell equations. Then, an accumulated normal
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displacement for a design variable �j can be de�ned as:

Wj =

n
dX

i=1

w
i

j
(16)

where nd is the number of design variables of the problem.
Note that wi

j
is obtained with a very small extra cost from

the step (iv) of algorithm 1 and 2, taking into account
that the pseudo-shell problem is linear (in step (iv) the
displacement of j due to a displacement �n of i is already
computed).
The design varible �j with greatest Wj is choosen as

the surface movement direction. Its �nal position is com-
puted by a steepest descendent method as:

x
0

j
= xj � �

@I

@�j
(17)

where x0
j
will be the new coordinate vector of the design

parameter �j , xj the old one, and � a positive real con-
stant. Then, the new surface �0s is obtained by solving
the pseudo-shell equations with x

0

j
�xed, and with the

problem geometric restrictions.
Finally, the surface (or line in 2D) is smoothed following

the procedure presented in [34], and all the volume mesh
points are updated to �x the new boundary.
It is important to remark that, the accumulated dis-

placement de�nition (15)-(16), only used for the continu-
ous approach, is totally analog to an accumulated gra-
dient expression. In this sense, the presented scheme
chooses the biggest gradient direction to improve the de-
sign.

11 Numerical Examples

11.1 2-D Bump

The �rst numerical example consist of matching a de-
�ned pressure distribution over a two-dimensional bump,
which was built using a B-Spline curve. The target pres-
sure was determined by computing the Euler equations
around the bump. The boundary conditions were: At in-

ow u = (1; 0), at out
ow p = 0 and symmetry conditions
along the line y = 0. In this example, the Incomplete-
Gradient procedure was used (i.e. the adjoint equation
was not solved, see Algorithm 2). For comparison, the
example was also performed using the complete gradient
formulation (i.e. the adjoint equation was solved, see Al-
gorithm 1). The solid boundary was always rebuilt after
each design cycle using the pseudo-shell (beam) approach.

Figure 1: From left to right and top to bottom: Ini-
tial mesh and pressure contours (peaks: �0:1393,0:1432).
Adjoint solution on the initial geometry  

u
(vectors) and

 p (contours, peaks: �1:682, 1:721). Target mesh (con-
tinuous line) and �nal mesh (dashed line). Target pres-
sure (continuous line, peaks: -0.7312, 0.3599) and �nal
pressure (dashed line, peaks: -0.7281, 0.3537).

Figure 2: Cost function evolution (Design cycles vs. Cost
function).

The objective function was de�ned as:

Ic =

Z
�s

(pd � p)2 d� ; (18)

where pd denotes the target pressure and �s the bump
surface. In Figure 1 the initial geometry and pressure
�eld, the adjoint solution on the initial geometry, the tar-
get and �nal meshes, and the target and �nal pressure
�elds are shown. The results were obtained using one de-
sign variable in the middle of the solid surface. The design
process was performed two times using a di�erent num-
ber of design variables, obtaining similar results for all
the cases. The �rst optimization cycles were done using
one design variable in the middle of the solid boundary.
The last design process was performed using all the nodal
points on the solid surface as design variables.
In Figure 2 the evolution of the cost function is pre-
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sented. It is important to note that the value of Ic always
decreases. However, the convergence to the optimum is
faster using a small number of design variables. This be-
haviour was already noted in [8]. In addition, to perform
the optimization process using all the nodal points on �s
as design parameters, the solid surface was smoothed af-
ter each optimization cycle, following the procedure pre-
sented in [34]. This smoothing may deteriorate the con-
vergence (the design parameters were moved not only fol-
lowing the gradient computation, but also the smoothing
procedure).
In Table 1, a comparison between the Incomplete Gra-

dient (i.e. adjoint problem is not solved, Algorithm 2)
and the Complete one (i.e. adjoint problem (4) is solved
and the interior mesh sensitivities are taken into account,
Algorithm 1), is shown. The comparison was done for
the case of one design variable in the middle of the solid
surface. It is important to remark that, althought the gra-
dients are not equal, their signs are. Therefore, a steep-
est descendent optimization method must converge to the
same result using any of the two algorithms. Note also
that incomplete gradients approximate complete ones as
convergence achieved.

Cycle Incomplete Gradient Complete Gradient

1 +0.07197557 +0.05905559

2 +0.20084590 +0.11986370

3 -0.26925220 -0.21840380

4 -0.03114764 -0.03867715

Table 1: Comparison between the Incomplete and Com-
plete Gradient algorithms for the one design variable case.

11.2 2D Hydrofoil Optimization

The objective of the example is to maximize the mini-
mum pressure over a hydrofoil at a �xed lift. This type
of optimization objective is often encountered in hydrody-
namics, where cavitation is always a concern. The initial
hydrofoil pro�le is a NACA0012, and 16 equally spaced
design variables were used for the design process. The de-
sign points at the leading and trailing edges remain �xed
along the optimization cycles to avoid rigid body move-
ments of the hydrofoil. The angle of attack of the 
ow
was �xed at a value of �ve degrees. The cost function for
this example was de�ned as follows:

Ic = w1

�Z
�s

pny d�� C
�

L

�
+ w2

Z
�s

j
@p

@t
j d� ; (19)

Figure 3: From left to right: Pressure coe�cient distribu-
tion for the initial and �nal hydrofoils. Evolution of the
pressure coe�cient along the optimization process

Figure 4: From top to bottom: Mesh and pressure distri-
bution for the initial hydrofoil (peaks: -0.8884, 0.5008).
Mesh and pressure distribution for the optimum (�nal)
hydrofoil (peaks: -0.5321, 0.5020)

where �s is the hydrofoil boundary, w1 and w2 are the
cost function weights, p is the pressure, ny the vertical
component of the normal vector along the �s, C

�

L
the

�xed lift (computed for the initial con�guration), and t

the tangential vector along the hydrofoil boundary. The
�rst term of (19) enforces a �xed lift, while the second
term assures an optimally smooth pressure gradient along
the hydrofoil. Given that the stagnation pressure is �xed
by the external 
ow, this last condition indirectly assures
that the minimum pressure on �s increases as the design
progresses.
The optimization was done using the continuous incom-

plete gradient approach (Algorithm 2) as follows: First
w1 was set to zero and w2 was set to one, and several
design cycles were performed until the objective function
stalled. Five design cycles were needed to maximize the
minimum pressure. Clearly, during these �rst cycles the
lift restriction was violated (the value of the lift restric-

tion increased from 0 to 0.0031). Then, w1 was set to
one and w2 to zero, and another set of design cycles was
performed until the lift restriction held (3 design cycles).
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This procedure was repeated two times.
The initial minimum pressure coe�cient computed

along the initial hydrofoil pro�le was cp = �1:7768.
At the end of the design cycles, cp had increased to
cp = �1:0642 (see Figure 3). This represents a 40.1%
of improvement. In addittion, the value of the lift restric-
tion (�rst term of equation (19)) at the end of the design
cycles was 2:7 � 10�6. In Figure 4 the evolution of the
hydrofoil pro�les along the design cycles and the pressure
distribution for the optimum can be observed.

11.3 3D Hydrofoil Optimization

Initial hydrofoil

Final hydrofoil

Initial hydrofoil
Optimum 3D case z=0.5

Optimum 3D case z=0
Optimum 2D case

Figure 5: From top to bottom: Shape evolution through
the design cycles. Superposition of the initial cross sec-
tion, the optimum cross sections for the 3D case, and the
optimum cross section for the 2D one.

As in the 2D case, the objective of this example is to
maximize the minimum presure over the bottom and top
surfaces of a 3D hydrofoil. The angle of attack of the

ow was �xed again to a value of �ve degrees, and the
initial geometry was the same than the target one pre-
sented in the above example (see section 7.4). Sixteen de-
sign variables were placed on the hydrofoil surface: Eight
equal-spaced at the intersection line between the hydro-
foil bottom and top surface with the vertical symmetric
plane (z = 0), and another eight at the intersection with
the vertical plane z = 0:5. The objective function was
de�ned following the 2D case (see equation (19)) as:

Ic = w1

�Z
�s

pny d�� C
�

L

�
+ w2

X
j2N

jpi � pj j (20)

8i on �s, where �s is the hydrofoil bottom and top sur-
faces, w1 and w2 are the cost function weights, p is the

pressure, ny the vertical component of the normal vector
on �s, C

�

L
the �xed lift (computed for the initial con�gu-

ration), pi and pj refer to the pressure at the nodal points

Figure 6: From top to bottom: Pressure distribution over
the initial hydrofoil (30 contours from -0.7 to 0.5). Pres-
sure distribution over the optimum hydrofoil (30 contours
from -0.7 to 0.5).

Figure 7: Cost function evolution (Design cycles vs. Min-
imum pressure coe�cient over the hydrofoil).

i and j on �s respectively, and N refers to the nodal points
conected to i. The �rst term of (19) enforces a �xed lift,
while the second term assures an optimally smooth pres-
sure gradient along the hydrofoil. Given that the stag-
nation pressure is �xed by the external 
ow, this last
condition indirectly assures that the minimum pressure
on �s increases as the design progresses.
The procedure to arrive at the optimal solution were

the same as the one used in the 2D example (see section
11.2). The geometrical restrictions used for the pseudo-
shell approach were: Fixed leading and trailing edge to
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avoid rigid body movements, and symmetric conditions at
the intersection lines between the hydrofoil an the vertical
planes z = 0 and z = 0:5.
To arrive at the optimal solution six design cycles were

needed to maximize the minimum pressure (second term
of (19)). Clearly, during these �rst cycles the lift restric-
tion was violated. Then, two design cycles were per-
formed to ful�ll the lift restriction. After these eight
cycles the initial minimum pressure coe�cient decreased
from �0:736 to �0:514; a 30.2% improvement. The value
of the lift restriction (�rst term of equation (19)) at the
end of the design cycles was 5:0� 10�5.
In Figure 5 the evolution of the hydrofoil surface, and

the superposition of the optimum 3D pro�les at z = 0, at
z = 0:5, the optimum 2D pro�le, and the initial pro�le
(same for 2D and 3D cases) are shown. Note that the
optimal solution has an important 3D component: All
four pro�les are di�erent. In Figure 6 the initial pressure
distribution and the �nal one are shown. Again, in this
Figure the 3D e�ect of the pressure distribution can be
observed. Finally, in Figure 7 the evolution of the mini-
mum pressure coe�cient is shown. Note that it decreases
a little bit in the last two cycles, due to the fact that they
were realized only to enforce the lift restriction, i.e. w2
was set to zero in (20), allowing a decrease of the maxi-
mum minimum pressure.

11.4 2D Drag minimization

Final Configuration

Initial Configuration

0.2

Figure 8: From top to bottom: Bump geometry and de-
tail of the mesh. Surface evolution throught the design
cycles. Pressure and velocity �eld at the �nal con�gura-
tion, pressure peaks: �0:2791,0:5161
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Figure 9: Drag evolution (Design cycles vs. Drag force)

The �nal example consists of minimizing the total drag
force (viscous plus pressure) over a two dimensional

bump, maintaining the area enclosed by the solid surface
and the length constant (see Figure 8). The bump was

parametrized using a B-spline curve and 7 design points.
Symmetric 
ow conditions where imposed at y = 0, the
velocity was prescribed to zero (NS problem) on the bump
surface and to (1; 0) at in
ow, the pressure was set to zero
at out
ow and the design points at the leading and trail-
ing edges remained �xed along the optimization process.
The drag objective function was already presented in (6),
and the constant volume restriction is enforced by mini-
mizing:

Iv =
X
b2�s

(V � � y
b
l
bjnb

y
j)2 (21)

where b refers to the boundary elements on �s, y
b the

vertical coordinate of the middle point of b, lb the bound-
ary length, and nb

y
the vertical component of the exterior

normal vector at b. V � is the initial volume, which wants
to be conserved.
This example was performed using the incomplete dis-

crete gradient approach described above (Algorithm 1
solving the discrete adjoint equations in an incomplete
manner). The optimization procedure was as follows:
First the sensitivities were computed at the initial ge-
ometry, and the drag was minimized using a steepest-
descendent method. Second, the volume was adjusted
using the constant volume function (21). This function
does not depend on the 
ow variables, therefore its mini-
mization is very fast. These two steps were repeated until
no more improvement was found in the drag force.
The example was carried out for Reynold numbers of

1, 10 and 100, obtaining similar results for all the cases.
For brevity, here only the results for Reynolds number
of 100 are presented. In Figure 8 the surface evolution
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through the design cycles and a detail of the pressure and
the velocity �eld around the �nal bump can be observed.
The drag evolution is presented in Figure 9. Note that
the drag increases when the volume restriction is enforced.
However, a �nal drag improvement of 8.2% was obtained
at the end of the design process.

12 Conclusions

Two methodologies to solve design problems using the
incompressible NS equations and incomplete gradient ap-
proaches were presented. The �rst was based on the
boundary conditions dictated for a continuous adjoint for-
mulation, which avoids the adjoint solution altogether.
The second one was based on a partial discrete adjoint so-
lution, which allows to take into account in an incomplete
manner all the adjoint contributions to the sensitivities.
In that sense, and based on the numerical experience, the
last approach seems to approximate better the objective
function gradients than the previous one. However, more
numerical experience needs to be acquired with the in-
complete discrete formulation.
In addition, the solid boundary may be parametrized

using a pseudo-shell approach, which does not depend on
the CAD representation, and which is very cheap from
a computational point of view. Also, an innovative and
very fast volume mesh movement algorithm was devel-
oped, which allows to include the interior point contribu-
tions to the gradient.
Several examples indicate that both schemes yield

proper results without having to incur the cost of a com-
plete adjoint solution. In general, the cost of the gradient
computation was a 10% or less than the cost of solving
the CFD problem.
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