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Several rules for redistributing geometric edge-co e cien ts obtained for grids of linear
elemen ts deriv ed from the subdivision of rectangles, cubes or prisms are presented. By
redistributing  the geometric edge-co e cien ts, no work is carried out on appro ximately half
of all the edges of such grids. The redistribution  rule for triangles obtained from rectangles
is generalized to arbitrary situations in 3-D, and implemen ted in a typical 3-D edge-based
o w solver. The results indicate that without degradation of accuracy , CPU requiremen ts
can be cut considerably for typical large-scale grids. This allows a seamless integration of
unstructured  grids near boundaries with ecien t cartesian grids in the core regions of the
domain.

. INTR ODUCTION

Many applications with complex geometriesrequire large regions of uniform grids. Examples are wave
propagation (acoustics, electromagnetics) and large-eddy simulation of ows. It can be argued that in
theseregions, where more than 90% of all elemerns reside, a uniform, cartesian grid represerts the optimal
discretization. Furthermore, due to the uniformity of the mesh,the traditional 27-point stencil obtained for
trilinear hexahedralelemeris may be replacedby the more e cien t 7-point stencil while still retaining second
order accuracy in space. Traditional cartesian grid solvers require special treatment of stencils or volumes
closeto boundariegt=>HUALARIMN This is not the casefor solvers basedon unstructured grids, which have
found widespread use for complex geometries. A seamlesscombination of traditional unstructured grids
closeto boundaries (comprising a small percertage of the total mesh) with highly e cien t cartesian grids
in the core regionswould thus seemvery promising. We remark, in passing,that many unstructured grid
generators utilize point distributions from cartesiar? or adaptive cartesian grids<** for the regions where
isotropic elemerts are required, and that for electromagneticsthe combination of unstructured grids near
boundariesand structured grids in the core regionshas beenfound to be advantageous’.

For problems with boundary layers, semi-structured grids obtained by lofting surface triangulations are
commonly used® =24 A number of researters have reported the degradation of accuracy that occurs
when solving compressible o w problems using traditional nite volume schemesin regionswhere elemens
are highly stretchea"=!484 The reasonfor this degradation is that the normals of the nite volume faces
assaiated with the edgesof the meshare misaligned with the direction of the edge. This can be seenfrom
Figure 1, where a rectangular triangle, typical of boundary layer grids, is depicted. The normal of face
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D; G belonging to edgeA; B, which is aligned with the x-direction, will tend to be in the y-direction for
hy=hy >> 1.

h_x h_x
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G
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Figure 1 Triangular Element

The solution advocated so far for grids of this type is to construct nite volumes using the circumscen-
ter/sphere of the points comprising the triangle/tetrahedron instead of the geometric certer. The normals
of these so-calledcontainment duals tend to be well aligned with their corresponding edges,and remove the
dependency of edgesthat are diagonal. Figure 1 shows this e ect for a stretched triangle. The successof
nite volume schemesbasedon the containment dual concept for highly stretched elemens has led to the
seard for an equivalent modi cation of edge-basedschemesstemming from nite elemen discretizations.
Attempts have been made to modify quadrature rules or shape-functions*. Some of these schemesare
extremely elaborate.

The decoupling of diagonal connections,which can be interpreted as a selective edgeremoval, is not limited

to stretched elemerts. For any meshwith rectangular triangles this type of edgeremoval via containment
duals is possible. Given that most of the CPU-intensive operations occur at the edge-lewel (uxes, limiting,

Riemann-solers, etc.), removal of edgeswithout degradation of accuracyshould have an immediate bene t.

This hasled to the following overall procedure:

- Generate as large a portion of the volume as possiblewith adaptiv e cartesian grids (for the invis-
cid/w ave propagation domain) or semi-structured  grids that are split into tetrahedra ;

Fill in the remaining regionscloseto boundarieswith an unstructured grid of tetrahedra ;

Build all geometrical coe cien ts in the usual way (i.e. for an unstructured grid);

Where possible,selectively remaove the edges.

The expected savings as comparedto a traditional unstructured grid are approximately a factor of 2, i.e.
not spectacular but worth the e ort. As will be showvn below, these savings are indeed realized. It may
be argued that special solvers should be usedin the interior, cartesian (or tensor-product) region. Such an
approad, which has beenproposedby P aum“#, precludesthe use of adaptive cartesian grids, and requires
the developmen and maintenance of two separatesolvers. The aim of the present work was to modify the
general, unstructured grid solver as little as possible,sothat a seamlesdransition from fully unstructured
to special-purposegrids could be accomplished.

The remainder of the paper is organizedasfollows: Sections2,3 presert the redistribution schemesfor edges
of triangles and tetrahedra. Section4 treats the generalcase. Section5 discusseghe generation of adaptive
cartesian cores. Examples are given in Section 6, and some conclusionsand an outlook for future work
complete the paper in Section?7.

[l. REDISTRIBUTION OF WEIGHTS: TRIANGLES

2.1 Advective Coe cien ts

Consider again the elemert shown in Figure 1. For any given point i, the discretization of a consenation
law of the form:

ug+r f=0 @)
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will result in a sum of uxes:
M =r'=Clfy ; 2)

Wheref'}j denotesa consistent numerical ux, e.g.that obtained from an approximate Riemanr® solver and
C! is a geometric coe cien t (typically an area normal) assaiated with the edgeij (see,e.g. Lohnel®),
The sum over the edgesij can be split into a sum of elemen contributions

X X
= rg= CIfy ©)
el el

With referenceto Figure 1, we seethat for point A, the edge-cotributions are:

rg = CQB fI\AB + CQC fI\AC . (4)

Going from a median dual to a containment dual nite volume represeriation may now be interpreted in a
variety of ways:

a) Move the certroid G to the circumscenier F and recompute all nite volumes;
b) Add the face (edge) G;F to D; G and remove the dependencyA C;
c) In Eqn.(4), assumethat uc  ug, and useonly ug;
The end result is the same:
rh= Chi® +CA° fas ; (5)

i.e. the edge-c@ cien t from edgeA C is simply addedto edgeA B. In the samemanner, for point C,
the contribution of edgeAC must be accourted for. As before, this can be interpreted in a variety of ways:

a) Move the certroid G to the circumscenier F and recompute all nite volumes;
b) Add the face (edge) G;F to E; G and remove the dependencyA C;
c) Assumethat uan ug, and useonly ug;

The endresult is the same:

r§ = Cg"+Cq® fee (6)

i.e. the edge-ce cien t from edgeA C is simply addedto edgeB C.

3 of 4

American Institute of Aeronautics and Astronautics Paper 2005-5232



2.2 Mass-Matrix (Areas)

A changein the Finite Volume surrounding a node must alsobe accourted for in the mass(or area) assciated
to the node. From Figure 2, one can seethat the changeis not negligible. From geometrical considerations,
the areaof sub-triangle D; G; F is given by:

1
Aper = AR «C ¢ (7)
Therefore, the removal of edgeA; C hasto be accourted for by:
- Adding %AA;B ¢ to node B (node opposite to edgebeing modi ed);

- Subtracting %AA;B ¢ from nodesA; C respectively (nodesof edgebeing modi ed).

A A
3 4

A D A A D A
3 3 4 2

Figure 2 Triangular Element: Mass/Area Asscciated to Nodes

2.3 Change Indicator

The next questionto be answeredis when to switch the weights. The simplest form to determine an obtuse
angle s via the coe cien ts obtained for the Laplacian operator on an edge. The edgecoe cien ts are given

by:

VA
LI = rN' rNid (7)
el
This coe cien t will be negative for angles smaller than 90° and positive for angles larger than 90°. It
therefore seemsnatural to invoke the redistribution of weights whenewer L! 0.
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2.4 Rulesfor Triangles

From the precedingargumerts, we can summarizethe following weight switching rules for triangles:

a) Build elemer coe cien ts and nodal massesas before (linear Finite Elemens, median dual Finite
Volume);

b) DO For eath edgeij of the elemernt:
IF: Laplacian coe cient L1 0:

- Add advection coe cien ts CE to the other 2 edges;
- Setadvection coe cients C} = 0;

- Add A=6 to node opposite to edgeij ;

- Subtract A=12 from nodesi; j ;

ENDIF
ENDDO

I1l.  REDISTRIBUTION OF WEIGHTS: TETRAHEDRA

3.1 Advective Coe cien ts

Consider the tetrahedra shown in Figure 3. Unlike the 2-D case,the redistribution of advective coe cien ts
can involve a number of other edges.

Figure 3 Tetrahedral Elemert

Assume, without loss of generality, that the advective coe cien ts of edge 1 with nodes A; B have been
marked for remaval. One could either add thesecoe cien ts by treating the adjacern facesastriangles. This
implies adding a fraction  of the coe cien ts to edges2; 3, and the remaining fraction 1 to edges4; 5.
On the other hand, one of the edgesin eadt of these pairs may have beenmarked for removal as well. In
this case, one has to take a more complex path, adding the coe cien ts to edges2; 6;4 (in caseeither of
edges3; 5 have been marked for removal) or to edges3; 6;5 (in caseeither of edges2; 4 have been marked
for removal). It is important to note that a closed path through edgesbetweenthe end-nodes has to be
followed when adding the coe cien ts of the edgebeing removed to other edges. Otherwise, the balance of
uxes surrounding a node will not be maintained.
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3.2 Mass-Matrix_(Volumes)

As in the 2-D case,a changein the Finite Volume surrounding a node must alsobe accourted for in the mass
(or volume) assciated to the node. From Figure 4, one can seethat the changeis not negligible. Denoting
by V the volume of the elemen, the removal of edgeA; B hasto be accourted for by:

- Subtracting 116 from nodesA; B respectively (nodes of edgebeing modi ed);
- For option 1 (no addition to edge6):

- Adding — to node C;

- Adding % to node D;
- For option 2 (addition to edge6):

- Adding 3% to node C;
- Adding % to node D.

s
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Figure 4 Tetrahedral Elemert: Mass/Volume Asscciated to Nodes

3.3 ChangeIndicator

As in the 2-D case,the simplest form to determine an obtuse angle is via the coe cien ts obtained for the
Laplacian operator on an edge. This coe cien t will be negative for anglessmaller than 90° and positive for
angleslarger than 90°. It therefore seemsnatural to invoke the redistribution of weights whenewer L" 0.
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3.4 Rulesfor Tetrahedra

From the precedingargumerts, we can summarizethe following weight switching rules for tetrahedra:

a) Build elemern coe cien ts and nodal massesas before (linear Finite Elemens, median dual Finite
Volume);

b) DO For each edgeij of the element:
IF: Laplacian coe cient L1 0:

- Obtain Laplacian coe cien ts for edgesadjacert to end-nadesi; j ;
- IF: all theseLaplacian coe cien ts are negative:
- Determine redistribution weight
- Add CE to rst contiguous edgepair;
- Add (1 )CE to secondcontiguous edgepair;
- Add V=8to common node of 1st edgepair;
-Add (1 )V=8to common node of 2nd edgepair;
- ELSE
- Determine continuous path with negative Laplacians;
- Add CE to edgescomprising the path;
- Add V=16 to intermediate nodes of the path;
ENDIF
IF: coe cien ts were added:
- Set advection coe cien ts C) = 0;
- Subtract V=16 from nodesi; j;
- ENDIF

ENDIF
ENDDO

IV. THE GENERAL CASE

Consider a meshof cubessplit into 5 tetrahedra per cube, as showvn in Figure 5a.

a) 1:5 b) 1:6

Figure 5: Subdivision of Cube into Tetrahedra

The circumscerters of the outer tetrahedra lie at the certer of the cube, i.e. outside the tetrahedra.
Moreover, the Laplacian coe cien ts of the large tetrahedron at the certer do not vanish. This implies that
for subdivisions of this kind the rules derived above will not lead to a substartial reduction of edges. This
hasled to the seard for a more generalredistribution procedure. After seweral tries, the following triangle
rule, summarizedin Figure 6, was found to work well:
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a) Build elemen coe cien ts and nodal massesas before (line[r Finite Elemernts, median dual Finite
Volume);

b) DO For each edgeij of the elemernt:
IF: A rectangle of neighbouring edgeslying in a plane can be constructed:

- Add half of the advection coe cien ts CE to the other 4 edges;

- Setadvection coe cients C) = 0;
ENDIF
ENDDO

masscoe cien t can be derived.

4

Figure 6: General Rectangle Con guration

The lumped massmatrix is obtained by evaluating the gradient of a known function (e.g. u = x+ y + 2z).
Given the known gradient values,the bestlumped
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V. GENERA TION OF AD APTIVE CAR TESIAN CORES

The generation of cartesian coresfor generaldomainsis showvn in Figure 7.

a) Initial Surface Discretization b) Cartesian (Adaptive) Grid

O

¢) Retain Valid Part d) Complete Mesh

9

Figure 7: Mesh Generation With Adaptiv e Cartesian Core

In a rst stepthe surfaceof the computational domain is discretized with triangles of a sizeas prescribed by
the user. In the presen case,this is accomplishedthrough a combination of badkground grids, sourcesand
elemen sizelinked to CAD entities®®. In a secondstep a cartesian meshthat hasthe elemen size of the
largest elemen desiredin the volume is superimposedon the volume. These cartesian cells are subdivided
into tetrahedra. From this point onwards the “cartesiancore'is treated as an unstructured mesh. This mesh
is then adaptively re ned locally so asto obtain the elemen sizedistribution prescribed by the user. Note
that adaptive re nement only works well with the subdivision of cubesinto 6 tetrahedra (Figure 5b). As
points are only added along existing edges,meshre nement doesnot add any new points inside the cubes
subdivided into 5 tetrahedra (Figure 5a). Oncethe adaptive cartesian meshis obtained, the elemens that
are outside the domain to be gridded are removed. We have tried a number of techniques to make this
step both robust and fast. At preser, we favour the useof a ne, uniform voxel (bin, cartesian) meshthat
coversthe entire computational domain. All voxelsthat are crossedby the surfacetriangulation are marked.
A marching cube (advancing layers) technique is then usedto mark all the voxel that are inside/outside
the computational domain. Any elemen of the adaptive cartesian mesh that covers a voxel marked as
either crossedby the surface triangulation or outside the computational domain is removed. This yields
an additional list of faces,which, together with the surface discretization, form the initial front of the as
yet ungridded portion of the domain. In the presen casean advancing front technique'” is usedto mesh
this portion of the domain. The capability to mesh cartesian coresonly requires a small change within an
advancing front technique. The cartesian core portion is basically an independert module whosemain role
is to supply an additional list of triangles for the initial front. Meshingthe cartesian core is extremely fast,
sothat overall CPU requiremerts for large grids decreaseconsiderably A preliminary version of the presen
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procedure(without the adaptive re nement of the cartesiancore) was proposedby Darve®. Other techniques
that generateunstructured grids with Cartesian coresare all those that usepoint distributions from regular
Cartesian grids® or Octrees®®.

VI.  EXAMPLES

The selective edge removal option was implemented in FEFLO, a general purpose edge-based nite
elemert o w solver using linear elemeris™, and wastested on a variety of examples,of which six are included
here. We remark from the outset that the main aim of the comparisonsis the quality of the results as well
as the relative speedof typical unstructured grids vs. those with cartesian cores. The rst caseis a steady
inviscid compressible o w case,the secondand third are transient inviscid compressible o w cases,and the
fourth a steady inviscid incompressible o w case. For eat of these casesthe relative CPU requiremerts of
point and edge-lmpsis di erent, sothat the merits of grids with cartesian coresand selective edgeremoval
can be seenover a spectrum of applications. Theseruns were performed on a PC with an Intel-P4 processor
running at 2.1Ghzwith 1Gbyte of RAM using the Intel Fortran compiler under Red Hat Linux OS.

For eat case,three di erent grids were used:

- A typical unstructured grid (Grid 1);

- An unstructured grid with cartesian core obtained by subdivision of cubesinto 5 tetrahedra (Grid 2);
and

- An unstructured grid with cartesian core obtained by subdivision of cubesinto 6 tetrahedra (Grid 3).

The main statistics of thesegrids were recordedand are listed in Tables1-4. We denote by nelem, necrt,
nedge, nacte the nr. of elemens, the nr. of elemerns in the cartesian core, the nr. of edgesand the nr.
of active edgesrespectively. The CPU requiremerts are in seconds.The grids with cartesian coreswererun
with the usual solver (all edgesactive), as well as with deactivation of edgesswitched on. We are aware
that the de nition of elemen size can be a contentious issue. We have taken the traditional notion, i.e. an
elemen of sizeh is given by:

- A tetrahedral element whoseedgesare of length h;
- A hexahedral elemen whoseedgesare of length h.

It is clear that for a specied elemen sizeh, a portion of spacewill contain more edgesand points if lled
by a mesh of tetrahedra than hexahedra. This fact should be taken into consideration when comparing
the results obtained. The sameappliesto the allowable timestep of explicit timemarching schemes: for a
speci ed elemert size h the allowable timestep of unstructured grids is smaller than that of an equivalent
cartesian grid. Whether the increased number of edges(and smaller allowable timestep) of tetrahedral
meshestranslates into higher accuracyis also a matter of debate which we do not feel quali ed to answer.
The fth caseconsidersthe spaceshuttle ascendcon guration, and is typical of production runs with complex
geometries. This larger casewas run on an SGI 03900 using 16 processorsin shared memory mode. The
sixth caseconsidersthe so-called Ahmed body, which is used extensively in the car industry as a testcase.
This caseincludesa grid suitable for RANS simulation. It wasrun on alaptop PC with an Intel-P4 processor
running at 3.2Ghz with 2Gbyte of RAM using the Intel Fortran compiler under SuseLinux OS. Theselast
two caseswere included to shaw the versatility of the techniques proposed.

6.1 Flow Past SupersonicWedge The rst caseconsideredis the supersonic o w past a wedgein a channel.
The overall dimensionsand boundary conditions are shovn in Figure 8a. The incoming Mach-number is
Ma; = 2:0. The meshis of uniform size, as can be seenfrom Figures 8b-d. This allows the use of cube
subdivisions into 5 and 6 tetrahedra. The Euler equations were solved using the approximate Riemann
solver of Roe?, gradient reconstruction and van Albada limiting ®. The solution was advancedin time using
a 3-stageRunge-Kutta schemewith a Courant-nr. of C = 1:0 for 600 steps. Local timesteps and residual
smoothing were used to acceleratethe corvergenceto steady state for this problem. Grid statistics and
timings have been summarized in Table 1. As one can see,the timings are proportional to the number
of active edges. This is to be expected, as most of the CPU-intensive operations (limiting, approximate
Riemann solver) are carried out in edge-laops. In fact, this e ect could have beenaccenuated by shifting
to a more costly Riemann solver.
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Figure 8e: Mach-Number Contours on Surface(Cases2U, 2C)

Figures 8e-h compare the Mach-number contours obtained for the di erent grids and solver combinations.
The immediate conclusionis that the corntours look very similar, and it becomesdi cult to discerna clear
“best solution'. This would make the casefor grids with cartesian coresand deactivation, as for these the
CPU requiremerts are considerably lower.
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Figures 8f-h: Mach-Number in Cut Plane z = 0:0

6.2 Sad Shock Tube Problem: This well known testcas&® was chosento seeif the transition from the outer
unstructured grid to the inner cartesiancorewould presen problems. The domain wastakento be: 100x5x5,
and the initial conditions are the usualones: = 1:0;p= 1:.0for x < 50and = 0:1;p= 0:1for x 50.
The solver usedwas the sameas in the previous example. The solution wasrun to a time of t = 20:0. As
before,three grids were generatedand run, and their statistics are listed in Table 2. Note that the number of
timesteps required for the grids with cartesian coresis noticeable smaller than for grid 1. We have obsened
this behaviour (i.e. larger allowable timesteps for grids with cartesian cores)for seweral other problems as
well. Figures 9a-c show the triangulations obtained by cutting the meshin the plane z = 0:0. The dierent
grid types can be discernedclearly. Figures 9d-h shav 100 density contours in the plane z = 0:0 at time
t = 20.0.
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Figures 9a-c: Triangulation of Cut Plane z = 0:0

1] |

Figures 9d-h: Density in Cut Plane z = 0:0 at Time t = 20:0

The di erences, though discernable, are small, except for the case3U, which shavs a marked bias for the
cortact discortinuity. It is remarkable that the case3C, i.e. with the diagonal edgesswitched o, doesnot
show this bias.

14 of 24

American Institute of Aeronautics and Astronautics Paper 2005-5232



Table 2: Grid Statistics for Sod Tube

Grid | nelem | necrt nedge | nacte | ntime | CPU
1 173,140 0 217,142| 217,142 937 340
2U 117,314 | 62,720| 154,015| 154,015| 777 213
2C | 117,314 62,720 | 154,015| 113,183| 775 170
3U | 130,228 75,264 | 166,927 | 166,927| 751 216
3C | 130,228| 75,264 | 166,927 | 113,551 749 165

6.3 Shock On Cube: This testcasewas chosento compare not only the speed of the cartesian core vs.
unstructured options, but also to compare the speed of the cartesian core vs. a hybrid cartesian/gridless
code'®. This latter code is consideredto require closeto the “minimum possible CPU' (low oating point
court, low cadche misses)for this classof problems. The domain was taken to be: 5x3x5, with the inner
cube of size 1x1x1 located at the bottom certer. The initial conditions were set asfollows: = 1:0;e= 2.5
forx > 2and = 2:667,v= 1.479e= 53125for x 2. The Euler equations were solved using the
HLLC approximate Riemann solver®; gradient reconstruction and van Albada limiting ®. The solution was
advancedin time using a 4-stageRunge-Kutta schemewith a Courant-nr. of C = 1:0, and run to a time of
t = 1:70. The statistics for the three runs (unstructured, cartesiancore, hybrid cartesian-gridless) have been
compiled in Table 3. The two cartesian core runs correspond to Courant-nrs. of c= 1:0 and C = 2:0, which
is still stable (this has more to do with the way the timestep is computed than anything else). Figure 10a
shows the surface pressureat time t = 1:70 for the run with cartesian cores. The pressuresrecorded for
casesU,C for a station in front of the cube are comparedin Figure 10b. As one can see,the di erences are
small. Moreover, the di erence in CPU times for the cartesian core and hybrid cartesian-gridlessapproac
is below 1:2 (1).

Figures 10a: Shock on Cube: Problem De nition
Table 3: Grid Statistics for Shack on Cube

Grid | npoin | nedge | nacte | ntime | CPU
U 225K | 1,512K | 1,512K | 152 | 1,352
C 165K | 1,113K | 615K 157 739
C 165K | 1,113K | 615K 84 396

CC | 151K | 450K 450K 82 219
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Figures 10b: Shock on Cube: SurfacePressuresat Time t = 1.7
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Figure 10c: Shack on Cube: Comparison of Pressures

6.4Bump in Channel: This fourth testcaseconsidersincompressible o w. The overall dimensionsand bound-
ary conditions are shown in Figure 11a. The incompressibleEuler equations were solved using a projection
stheme!, The advective uxes, which are integrated explicitly, are built using upwind bias, gradient recon-
struction and van Albada limiting ®. A divergence-freeo w is enforcedby solving a pressure-Pissonequation
at eadh timestep. Again, three grids were generatedand run, and their statistics are listed in Table 4. The
timings in this caseare not as favourable as those for the compressiblesolver. This is expected, as a large
percertage of the overall CPU time is spert in the solution of the Poissonproblem, where the work per edge
is relatively low. This results in a higher percertage of CPU work in point-loops. Given that the number
of points stays constart whether the diagonal edgesof cartesian coresare active or deactive, the gains from
deactivation are more modest. Of course,it may be arguedthat for the Poissonproblem very e cien t multi-

grid solversare available“*. But that would imply two separatesolvers, somethingimpractical for large-scale
codes. Figures 11b-d show the triangulations obtained by cutting the meshin the plane z = 0:0. The
dierent grid typescan be discernedclearly. Figures 11e-ishow 50 pressurecontours in the plane z = 0:0.
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Figure 11a: Problem De nition for Bump

Figures 11b-d: Triangulation of Cut Planez = 0:0

As before, the immediate conclusionis that the contours look very similar, making it dicult to discerna
clear “best solution'. This again makesa strong casefor grids with cartesian coresand deactivation, as for
thesethe CPU requiremerts are reduced considerably

Table 4: Grid Statistics for Bump in Channel
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Grid | nelem necrt nedge | nacte | ntime | CPU
1 819,792 0 984,994 | 984,994 | 150 371
2U | 503,268 | 391,990 | 627,240| 627,240| 150 230
2C | 503,268| 391,990 627,240| 385,003| 150 199
3U | 582,455| 469,992 | 706,470| 706,470 150 256
3C | 582,455| 469,992 | 706,470| 385,908 | 150 203

Figures 11e-i: Pressurein Cut Plane z = 0:0
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6.5 Shuttle Ascend Con guration : This caseconsidersthe spaceshuttle ascendcon guration, and is typical
of production runs with complex geometries. The overall geometry is shown in Figure 12a. Figures 12b-e
show the the surface discretization used, as well as the triangulations of two planar cuts along the shuttle
and a zoom in the region below the wing. One can clearly seethe adaptively re ned Cartesian coresof the
o w domain, aswell asthe transition to an unstructured grid nearthe surface. The meshstatistics have been
compiled in Table 5. Note that the reduction in active edgesis still considerablefor this complex geometry
case.

Figures 12a,b: Shuttle Ascend Con guration and Surface Discretization

Figures 12c¢,d: Triangulation of Planar Cuts 1,2

The Euler equations were solved using the approximate Riemann solver of Roe?®, gradiernt reconstruction

and van Albada limiting 8. The solution was advancedin time using a 3-stage Runge-Kutta schemewith a

Courant-nr. of C = 1:0 for 600 steps. Local timesteps and residual smoothing were usedto acceleratethe

convergenceto steady state for this problem. This larger casewasrun on an SGI 03900using 16 processors
in shared memory mode. The surface pressureobtained for an incoming Mach-number of Ma; = 2:0 and

angle of attack = 0° is shawn in Figure 12f.
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Table 5: Grid Statistics for Shuttle

Grid nelem necrt nedge nacte
U 14,253,494 0 17,049,048| 17,049,048
C 12,439,995| 5,357,014 | 14,920,442| 11,266,645

Figures 12e,f: Detail Under Wing and SurfacePressure

6.6 Ahmed Car Body: This example considersthe high Reynolds-rumber ow past the so-called Ahmed
body. This is a standard test casefor external car aerodynamics. The parametersweresetto: = 1.0;v =
(1;0;0); = 2:33 10 ;L = 1, which implies a Reynolds-rumber of Re = 4:29 10°. The k turbulence
model was used. The resulting ow is quasi-steady and shaows the developmert of a vortex train behind
the body. The geometry and discretization usedare shown in Figures 13a-f. One can clearly seethe RANS
grid, the adaptively re ned Cartesian coresof the ow domain, aswell asthe transition to an unstructured
grid betweenthesetwo zones. The mesh statistics have beencompiled in Table 6. Note that even for grids
with a large portion of elemers in the RANS region, the reduction in active edgesis still considerable. The
incompressibleNavier-Stokesequationswere solved using a projection scheme?®. The advective uxes, which
are integrated explicitly, are built using upwind bias, gradient reconstruction and van Albada limiting &. A
divergence-freeo w is enforcedby solving a pressure-Pissonequation at ead timestep.

Table 6: Grid Statistics for Ahmed Body

Grid | nelns | necrt nelun nelem | nedge | nacte
U 1,302K | OK 1,309K | 2,611K | 3120K | 3120K
C 1,302K | 820K | 415K | 2,537K | 3035K | 2311K
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Figures 13a-d: Ahmed Body: Meshin Dierent Cuts
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Figures 13e,f: Ahmed Body: Details of Mesh

Figure 13g,h: Ahmed Body: Pressureand Abs(Veloc)

VI'I. CONCLUSIONS AND OUTLOOK

Seeral rules for redistributing geometric edge-c@ cien ts obtained for grids of linear elemens derived
from the subdivision of rectangles, cubes or prisms were preserted. By redistributing the geometric edge-
coe cien ts, no work is carried out on approximately half of all the edgesof such grids. The redistribution
rule for triangles obtained from rectangleswas generalizedto arbitrary situations in 3-D, and implemented
in a typical 3-D edge-basedow solver. The results indicate that without degradation of accuracy CPU
requirements can be cut by half for grids with a large percertage of elemers in the cartesian core. For
large-scalegrids, this percertage can easily exceed90%. This allows a seamlesdntegration of unstructured
grids near boundarieswith e cien t cartesian grids in the core regions of the domain. A factor of two may
not seemmuch in light of the fact that the number of points and edgesin any 3-D mesh can be doubled by
reducing the mesh size by a mere 25%, but if it can be accomplishedwithout major changesto a code it
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may be worth the e ort.

Having established the viability of the proposed procedure, there is ample room for improvemen. For
example, grouping edgesaccording to coordinate directions would eliminate redundant operations during
gradient calculations by 60%.

Future work will considerfurther optimization and generalizationof all proceduresoutlined in the paper, as
well asthe extensionto adaptive embedded unstructured grids?!.
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